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Weyl semimetals (WSM) exhibit chiral anomaly in their magnetotransport due to broken conser-
vation laws. Here, we analyze the magnetotransport of WSM in the presence of the time-reversal
symmetry-breaking tilt parameter. The analytical expression for the magnetoconductivity is derived
in the small tilt limit using the semiclassical Boltzmann equation. We predict a planar Hall current
which flows transverse to the electric field and in the plane containing magnetic and electric fields
and scales linearly with the tilt parameter. A tilt-induced transverse conductivity is also present
in the case where the electric and magnetic fields are parallel to each other, a scenario where the
conventional Hall current completely vanishes.
I. INTRODUCTION
A Weyl semimetal (WSM) state in topological systems
with broken time-reversal and/or inversion symmetry can
be understood by the availability of the low energy quasi-
particles called Weyl fermions (WF) with linear in mo-
mentum dispersion near the crossing point of two non-
degenerate bands in momentum space known as Weyl
point (WP) [1, 2]. Although the concept of WF was first
introduced in relativistic field theory, it has never been
observed in the systems of elementary particles, and has
only very recently been realized in a condensed matter
systems as an excitation of quasi-particles. The essential
properties of WPs are: the presence of pairs of oppo-
site chiralities connected by Fermi arcs on the surface
and the zero-sum of chiralities over all the WPs in the
Brillouin zone, according to the Nielsen-Ninomiya the-
orem [3]. The chirality χ of a WP is defined by the
integration of Berry curvature Ωk (Ωk = ∇ ×Ak with
Ak = i 〈uk|∇kuk〉, where |uk〉 is the Bloch wave func-
tion) over a closed surface around that WP in momentum
space (
ff
ds ·Ωk = 2piχ where, χ = ±1,±2, ..... ).
In the presence of external electric and magnetic fields
the conservation of the number of WFs with particu-
lar chirality is broken, a phenomenon known as chi-
ral anomaly. The WSMs are distinctive from other
metals/semi-metals because the chiral anomaly can lead
to unusual magneto-transport phenomena. For exam-
ple; the observation of negative magneto-conductivity
has been attributed to the phenomenon of chiral anomaly
[4–9].
In this manuscript, we study the electron transport
in WSM where the Dirac cones are tilted in momentum
space. Such a tilted WSM can be described by an addi-
tional anisotropy term in the Hamiltonian for electrons
near the WPs as follows [10],
H = vFσ · k + Iw · k, (1)
where the components of σ are the Pauli matrices and I
is the 2×2 identity matrix, k is the wave vector, the vec-
tor w represents the dispersion tilt and vF is the Fermi
velocity. The tilt w in Eq. (1) breaks the time-reversal
symmetry (TRS). The energy eigenvalues are given by
Ôk = (~w·k+~vFk) and the corresponding group velocity
is vk = (w+vF kˆ) (where kˆ is the unit vector along k and
vF the Fermi velocity). If the value of tilt |w| < vF then
the WSMs are sub-grouped as Type-I WSM and when
|w| > vF then the WSMs are sub-grouped as Type-II
WSM. A non-tilted and tilted dispersion relation in WSM
is shown in the schematic diagram in Fig. 1(a). Type-II
WSM phase has been observed in a range of materials
such as MoTe2, WTe2, LaAlGe [11–14] and already sev-
eral transport phenomena have been addressed in several
studies [15–18].
Transport studies of tilted Weyl semimetals have been
done recently such as anomalous Nernst effect [19, 20],
optical response to circularly polarized light [21] and pla-
nar Halle effect (PHE) [22]. Using Boltzmann trans-
port it has been predicted that both the chiral anomaly
and non-trivial Berry curvature effects leads to the PHE
in Weyl semimetals [23] and very recently, PHE in half
Heusler Weyl semimetal GdPtBi has been attributed to
a strong Berry curvature effect [24].
Motivated by the above works, we analyze the role of
the dispersion tilt in Berry curvature induced transport
in the WSM systems, which has not been investigated
hitherto. Our study reveals unusual transport proper-
ties, such as the planar Hall effect induced by the time-
reversal symmetry breaking tilt and Berry curvature ef-
fects. We mainly consider tilted Type-I WSM and eval-
uate transport properties in response to external electric
and magnetic fields. Both the longitudinal and transverse
conductivities are calculated using the Boltzmann trans-
port equation. Our manuscript is arranged as follows: in
Sec. II we present the general framework of the semiclas-
sical Boltzmann model to calculate the current density
up to the second orders in the B field. in Sec. III we
present the analytical expression for the conductivity in
the small-tilt regime. We also perform numerical calcu-
lations for arbitrary tilt value in the case of both Type-I
and Type-II WSM (results of the latter are presented in
more detail in the Supplemental) and verify the analyt-
ical results in the limit of small tilt. The anisotropy of
the WSM conductivity with respect to the magnetic field
and tilt directions is also presented. We conclude in Sec.
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FIG. 1: (Color online) (a) Dispersion relation for the
non-tilted (left) and tilted (right) WSM. (b) The z-axis
is parallel to the magnetic field while the tilt vector w
lies on the x-z plane with an angle φ from the x-axis.
(c)-(d), A pair of Dirac cones are tilted (c) towards each
other, and (d) away from each other.
IV.
II. METHOD
We apply the semiclassical Boltzmann transport model
under the assumption of a small external magnetic and
electric fields where the separation between Landau levels
can be neglected and where it is valid to use the semiclas-
sical approach [25]. We begin with the standard proce-
dure to calculate the Boltzmann’s distribution function
for a system with non-zero Berry curvature under the
application of external electric and magnetic field. The
presence of Berry curvature Ωk in the WSMs provides a
correction to the phase space volume in the case of adi-
abatic transport, as shown in [26, 27]. In the presence
of electric (E) and magnetic field (B) the semiclassical
equations of motion are modified as follows [26],
r˙ =
(
1 + e
~
Ωk ·B
)−1 [
vk + eE×Ωk + e~ (Ωk · vk)B
]
,
~k˙ =
(
1 + e
~
Ωk ·B
)−1 [
eE + e
~
vk ×B + e
2
~
(E ·B)Ωk
]
,
(2)
where vk = ∂Ôk/~∂k is the group velocity of the elec-
trons with Ôk being the energy dispersion, r the position
and ~k the momentum of a single electron. To evaluate
the distribution f(r,k, t) we consider the Boltzmann’s
equation,
∂f(r,k, t)
∂t
+r˙·∂f(r,k, t)
∂r +k˙·
∂f(r,k, t)
∂k = Icoll {f(r,k, t)} ,
(3)
where Icoll {f(r,k, t)} is the collision integral. We solve
for the change in the distribution function δf for a uni-
form system under steady-state condition, i.e., ignor-
ing the time and space dependence in the above equa-
tion, and apply the relaxation time approximation, i.e.,
Icoll {f(r,k, t)} = δf(r,k, t)/τ(k). Here, τ(k) is the re-
laxation time and is assumed to be independent of k.
This is a common assumption given that more refined
forms of τ(k) do not lead to significantly different physics
[25]. Assuming the second-order derivative of the distri-
bution function to be negligible, the change in the distri-
bution function is evaluated from Eqs. (2) and (3) as,
δf(r,k, t) = −τ
(
1 + e
~
Ωk ·B
)−1
~−1(
eE + e
2
~
(E ·B)Ωk
)
· vk
(
∂f0/∂Ô
)
, (4)
where Ô is the electron energy and f0 is the equilib-
rium distribution function which usually can be replaced
by Fermi function. As we are interested in the Berry-
curvature induced effect only, we neglect the effect of
Lorentz force (see the second line of Eq. (2)) which
produces the conventional Hall current. The expression
of current density is given by, j =
(
e/8pi3
) ´
dk (1 +
(e/~)Ωk · B)−1r˙δf(k) and using the above results for
a single Weyl node we obtain,
j = eτ4pi3~
ˆ
dÔ∂f
0
∂Ô
ˆ
dS 1(1 + e~Ωk ·B)|vk|
[(eE · vk)vk
+ e
2
~
(E ·B)
(
(Ωk · vk)vk + eB~2 (Ωk · vk)
2
)
+e
2B
~
(E · vk)(Ωk · vk)
]
, (5)
where S is the area of the constant energy surface. The
current density above originates due to the imbalance be-
tween the particles numbers in the right-handed and left-
handed valleys in the presence of the external electric and
magnetic fields (i.e., the phenomenon of chiral anomaly),
as discussed in Ref. [25]. Next, we expand j to various or-
ders of magnetic field as follows: (1 + (e/~)Ωk ·B)−1 =
1− (e/~)Ωk ·B+(e/~)2 (Ωk ·B)2+O
(|B|3) and so that
one can express the current density as, j = j(0) + j(1) +
j(2) + ... where the numbers in the superscript repre-
sent the orders of the magnetic field. Next, we substi-
tute the expression of the Berry curvature as given by,
Ωk =
(
k2F /2k3
)
k (where kF is related to the Fermi en-
ergy by ÔF = ~vFkF ) [15] into the above expression of
current density and obtain for a single valley,
3j(0) = σ0
ˆ
dÔ∂f
0
∂Ô
ˆ dS
k2F |vk|vF
(E · vk)vk, (6)
j(1) = σ0cb
ˆ
dÔ∂f
0
∂Ô
ˆ dS
k2F |vk|vF
[B (E · vk) (Ωk · vk)
+ (E ·B) (Ωk · vk)vk − (Ωk ·B) (E · vk)vk] , (7)
j(2) = σ0c2b
ˆ
dÔ∂f
0
∂Ô
ˆ dS
k2F |vk|vF
[
(Ωk ·B)2 (E · vk)vk
−B (E · vk) (Ωk ·B) (Ωk · vk)
+ (E ·B)
(
B (Ωk · vk)2 vk|vk| − (Ωk · vk) (Ωk ·B)vk
)]
.
(8)
In the above, cb = e~v2F /Ô2F and σ0 = e2τÔ2F /4pi3~3vF .
Note that the first and second-order terms in B arise en-
tirely as a result of the non-zero Berry curvature. Now, to
evaluate the current density one needs to integrate over
energy and momentum. We consider a model Hamilto-
nian given in Eq. (1) with linear dispersion which de-
scribes a tilted WSM (for both Type-I and Type-II). For
the Type-I case, we calculate the current density in two
different ways: i) we first assume a small tilt limit and
obtain the analytical expression of the current density to
the first order in the tilt vector w; ii), we calculate the
current density numerically for arbitrary value of tilt,
and compare the results with the analytical expression
obtained in the small tilt limit. For Type-II WSM, we
only perform the numerical calculation and present the
results in the Supplemental.
III. TILTED WSM
Small tilt limit (|w| ¹ vF ): For small tilt, we ex-
pand Eqs. (6), (7) and (8) to the first order in w using
|vk| ≈ vF+(kˆ ·w)+O
(|w|2). The presence of a finite tilt
to the energy dispersion changes the shape of the Fermi
surface (FS). However, in the small tilt limit, one can
neglect this change and assume the shape of the FS to
be spherical. We also consider the low-temperature limit
such that we can approximate the distribution function
f0 to be the step function θ(Ô − ÔF ) and consequently
∂f0/∂Ô can be replaced by a Dirac delta function given
by δ(Ô − ÔF ) (note that most of the experimental trans-
port measurements on WSMs are done at low temper-
atures at which this approximation is valid). Without
loss of any generality, we choose the z-axis to be aligned
along the magnetic field (B = Bzˆ) and that w and B
lie in the same plane (Fig. 1(b)). Choosing the plane to
be the x-z plane, we write, w = wxxˆ + wz zˆ (wx and wz
are the components of tilt and xˆ and zˆ are unit vectors
(a) (b)
(c) (d)
FIG. 2: (Color online) (a)-(c), Plot of longitudinal
components of current density j(0), j(1) and j(2) with
respect to x-component of tilt (wx) when electric field
E ‖ (xˆ+ zˆ). We use J0 = σ0|E|. (d) Plot of x and y
components of j(1) with respect to x-component of tilt
wx when E||B||zˆ. Inset: Comparison with the analytical
results (red circle), which are in close agreement with
the numerical results at the small tilt limit.
along x and z-axis ). Under the above assumptions, we
calculate the current densities for a pair of Weyl nodes
with opposite chirality to the first order in tilt and to
the various orders in magnitude of the magnetic field B.
While doing so we considered two distinct cases: (I) the
tilt changes sign between the valleys with opposite chi-
rality i.e. wχ = χw, and (II) the sign of the tilt remains
unchanged in the two valleys i.e. wχ = w.
Case (a): In the small tilt limit, the current density
can be evaluated analytically derived from the integrals
in Eqs. (6)-(8) with E is chosen to be along ‖ (xˆ + zˆ).
The current density of different orders in B is given by
(see the Supplemental Information for more details on
the derivation):
j(0) = 8pi3 σ0E, (9)
j(1) = 4pi15 σ0cb [18 (E ·B)w + 19 (E ·w)B
+xˆ (E×w · yˆ)B − yˆ (E×w · xˆ)B] , (10)
j(2) = 2piσ0c2b
(
1
3 (E ·B)B +
1
15E
)
. (11)
4Interestingly, the first-order term is non-vanishing only
in the presence of tilt, while the zeroth and second-order
terms are independent of the tilt. This tilt dependence
can be understood from the following argument. The
anisotropic tilt appears in the integrals in Eqs. (6) to (8)
because of the dependence of the group velocity vk on
tilt. In the case of both j(0) and j(2) all the terms in the
integral are even in k in absence of tilt. However, in the
presence of the dispersion tilt, these terms (to the first
order in tilt) become odd in k i.e. the integrals change
sign as one goes from k to −k, and, as a consequence,
vanish after integration over the FS (which is taken to
be spherical). Conversely, for j(1), all the terms in the
current integral up to the first order in tilt are even in k,
and hence integration over the FS is not necessarily zero.
To understand the dependence of tilt on the current,
we consider the implications of Eq. (10). We consider
two particular cases, first, E ‖ B i.e. the measurement
set-up for longitudinal magnetoconductivity and second,
E ⊥ B i.e. the usual Hall measurement set-up. In the
first case, i.e. for E ‖ B ‖ zˆ, we obtain,
j(1) = σ0cb
4pi
15vF
(19Bw + 18wzB)E. (12)
Clearly, the current density has components not only
along the direction of the magnetic field but also along
the tilt directions. As a consequence, we have cur-
rent transverse to the external electric field in the x-z
plane (the plane containing the tilt vector), i.e., j(1)x =
xˆ (4pi/15vF )σ0cb (19|E|Bwx) but no transverse current
density perpendicular to that plane, i.e., j(1)y = 0.
Note that in the case of the longitudinal magneto-
conductivity set up i.e. when E ‖ B, one usually obtains
only the longitudinal component of current density since
the Lorentz force is zero. However, in this case, we ob-
tain non-zero transverse conductivity in the presence of
tilt and Berry curvature. This unusual transverse signal
should be readily measurable in this measurement set-up
as one does not need to take into account the background
Lorentz force induced Hall current. The tilt is a material-
specific parameter whose direction and magnitude can,
in principle, be determined from the band structure. If
these tilt parameters are known, then our model can pro-
vide a prediction of the Berry curvature induced current.
Numerically, from the plot in Fig. 2(d), we predict a pla-
nar Hall (PH) conductivity of 14.79 ohm−1m−1 for a tilt
value wx = 0.1 along the x-direction for Type-I WSM,
and 14.21 ohm−1m−1 for a tilt wx = 1.6 for Type-II
WSM (plot is in the Supplemental).
Similarly, for the E ⊥ B set-up, we derive the analyti-
cal expression for current in the small tilt limit to be,
j(1) = 4pi15 σ0cb [19 (E ·w)B− (B ·w)E] . (13)
From above, we see that the current density has no
component along the conventional Hall direction (i.e.
parallel to E × B). However, there is a non-zero pla-
(a) (b)
FIG. 3: (Color online) Plot of longitudinal (blue) and
PH (red) components of j(1) with respect to (a) θ, the
angle between the electric and magnetic fields, and (b)
with respect to the tilt direction φ.
nar Hall (PH) signal. In general, the PH effect is defined
as the transverse current in the plane containing the elec-
tric and magnetic fields (i.e. along E×(E×B) direction)
when these fields are not parallel to each other. In our
particular scenario, the PH current is parallel to B and
is given by j(1)PH = (4pi/15vF )σ0cb19 (E ·w)B.
Arbitrary tilt strength: The analytical current density
expressions derived in the previous section holds only in
the small tilt limit. For arbitrarily large tilt strength,
we calculate the conductivity numerically based on equa-
tions (6), (7), (8). In our numerical calculations, we as-
sume the characteristic collision time to be τ = 10−13 s
[9, 28] and Fermi energy ÔF = 0.1 eV. We set the magnetic
field to be 3 T, electric field to be 108 V/m and the tem-
perature T = 30 K. With these parameter values we have
σ0 = 52.84 Ohm−1m−1. In Fig. 2 (a), (b) and (c), we
plot the longitudinal components of the zeroth, first and
second-order terms of the current density as a function
of the dispersion tilt in the x-direction, i.e., wx (wz = 0)
when the electric field direction is chosen arbitrarily to
be E ‖ (xˆ+ zˆ) (i.e. E lies in the plane containing w and
B). At small tilt, the zeroth j(0) and second-order term
j(2) does not change appreciably with the tilt, confirming
our analytical prediction that the two terms are indepen-
dent of the tilt at the small tilt limit (Eqs. (9) and (11)).
However, at sufficiently large tilt (|w|/vF > 0.2), the re-
sponse of those terms to the tilt becomes non-linear. By
contrast, the first-order term j(1) varies linearly with the
tilt parameter wx even at large tilt, a response that is in
line with the analytical result of Eq. (10).
Note that all the various orders of current density show
an increasing trend with the tilt parameter. A possible
reason for this increase of current density is due to the
fact that the magnitude of the group velocity vk and
the area of the FS both increase with the tilt strength.
Although the addition of a tilt term in the Hamiltonian
does not change the topological properties of the WSMs,
it does change the energy dispersion and as a consequence
the shape of the FS. For a Type-I WSM, the shape of FS
is ellipsoid where the axis of the ellipsoid is determined
by the tilt direction while for Type-II, the shape becomes
5hyperboloid. As the total current density is calculated by
integrating over the FS, the shape and size of the FS have
an influence on the current density. The effect of the FS
geometry is even more prominent in the case of Type-II
WSM (this is discussed at the end of this section based
on results given in the Supplemental).
Next, we evaluate numerically the transverse current
in the longitudinal magneto-conductivity setup, i.e., E ‖
B ‖ zˆ. In Fig. 2(d), we plot the perpendicular compo-
nents of j(1) corresponding to this set up, both in the in-
plane (x-z plane) and out-of-plane directions, as a func-
tion of the tilt parameter wx. In the inset, the numerical
results are compared with the analytical prediction of Eq.
(12), showing good agreement at the small tilt values. It
can be seen that the in-plane transverse component of
current density increases linearly with wx while the out-
of-plane component is zero, both trends of which match
that of the analytical form in Eq.(12).
The presence of the in-plane transverse current in Fig.
2(d) even in the longitudinal set up where the E and
B fields are parallel to each other can be understood in
terms of the group velocity vk in Eq. (7). In the absence
of tilt vk ‖ k ‖ Ωk, and, thus the second and third terms
are odd in k as a consequence of which the integration
over FS is zero for those terms, resulting in the current
being parallel to B. However at finite tilt, |vk| = vF kˆ+w,
and as a result a component of the current density along
the tilt direction appears. In our case, we considered w =
wxxˆ and thus we obtain a transverse current in the x-
direction, which is also in accordance with our calculation
in Eq. (12).
Next, we consider the longitudinal and PH current
densities under varying the angle θ between the elec-
tric and magnetic fields, under varying tilt direction (
denoted by φ). We express the tilt vector as w =
|w|(cosφ xˆ + sinφ zˆ), where φ is the angle between the
tilt vector and the x-axis. The electric field is chosen to
lie on the x-z plane, i.e., E = |E|(sin θ xˆ+ cos θ zˆ). Sub-
stituting the expressions for w and E into Eq. (10), the
angular dependence of the longitudinal and PH conduc-
tivities at the small tilt is given as,
σ
(1)
L =
4piB|w|
15vF
(19 sin(2θ + φ) + 18 sinφ) , (14)
and
σ
(1)
PH =
4piB|w|
15vF
19 cos(2θ + φ). (15)
Clearly, the tilt introduces an additional anisotropy in
both the conductivity terms. In Fig. 3(a), we plot both
the longitudinal and PH conductivities with the variation
of the field angle θ for a fix tilt direction of φ = pi/3 and
magnitude of |w| = 0.1.
In Fig. 3(b) we plot the variation of both the longi-
tudinal and PH conductivities with the variation of the
tilt direction φ, for a fixed angle between electric and
magnetic fields (θ = pi/3). Note that because of the si-
nusoidal dependence on φ, both current densities change
sign, when the tilt direction is reversed, i.e., from φ to
(φ + pi). This behavior also matches with the analytical
calculation in Eq. (12). Based on this, let us consider
the PH current for different tilt configuration of the Dirac
cone for a pair of WPs. Now, if, for a certain value of
φ, the tilt for a pair of WPs is given by w± = ±w then
the Dirac cones are tilted towards each other. Then for
(φ + pi), the tilt vector for the pair becomes w± = ∓w,
i.e., the cones are tilted outwards in k-space (see Fig. 1(c)
and (d)) and the direction of the PH current is reversed.
This suggests that one can control the PH current via
tilt engineering. For example, if the dispersion tilt can
be controlled by some external parameters such as strain,
then one can achieve strain-induced switching of the PH
current or voltage due to the reversal of the relative tilt
between the dispersion cones at the two WPs.
Case (b): This case corresponds to the scenario where
the tilt is uniform, i.e., when wχ = w at all WPs. For this
case, the current densities are given by, j(0) = (8pi/3)σ0E,
j(1) = 0, j(2) = 2piσ0c2b
( 1
3 (E ·B)B + 115E
)
. Specifically,
in this case, the PH contribution from the two valleys
would cancel out each other giving rise to zero net PH
signal. The corresponding plots for the tilt dependence of
the zeroth and second-order current densities are plotted
in the Supplemental.
Type-II: For the Type-II WSMs (|w| > vF ) the FS
is open and adopts a hyperboloid configuration. Since,
by definition, we are in the large tilt regime, no simple
analytical expressions of the current densities can be ob-
tained. Instead, we perform numerical calculations of
the conductance in Type-II WSM from the integrations
in Eqs. (6), (7) and (8) for different values of tilt pa-
rameter wx. These numerical results are plotted in the
Supplemental. Interestingly, we find similar trends in
the current density compared to that of Type-I WSM,
e.g., the current densities tend to increase with the tilt
strength. More importantly, the tilt-induced PH signal
is still present in the case of Type-II WSM.
IV. CONCLUSION
Using a semiclassical approach, we analyze the magne-
totransport of a WSM with Dirac cones that are tilted in
the momentum space. We calculate the current density
up to the second-order in the B-field strength and derive
the analytical expression in the small tilt limit. The ana-
lytical predictions were verified by numerical calculations
for arbitrary tilt values. In addition, we evaluate the pla-
nar Hall (PH) current when the magnetic field, electric
field, and the tilt vector lies in the same plane. Both the
longitudinal and PH conductivity can be controlled by
tuning the direction and magnitude of the tilt parame-
ter. A tilt-induced transverse current exists even when
E ‖ B, where the conventional Hall current vanishes.
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2I. TYPE-I ANALYTICAL CALCULATIONS
The total current density is given by, to the linear order in E,
j = e4pi3~
ˆ
dÔ∂f
0
∂Ô
ˆ
dS τ(k)(1 + e~Ωk ·B)
[
(eE · vk|vk| )vk +
e2B
~
(E · vk|vk| )(Ωk · vk)
+e
2
~
(E ·B)
{
(Ωk · vk|vk| )vk +
eB
~2
(Ωk · vk|vk| )
2|vk|
}]
(S1)
We expand to the orders in magnetic field B,
1
(1 + e~Ωk ·B)
≈ 1− e
~
Ωk ·B + ( e~Ωk ·B)
2 +O (|B|3) (S2)
Separating the terms to the orders in B we get the total current density to be,
j = j(0) + j(1) + j(2) (S3)
Small-tilt limit: for small tilt, we do the following to expand each term to the linear order in tilt,
vk = (w + vF kˆ) =
(
vF kˆ + w
)
, (S4)
vk/|vk| = kˆ +
(
w
vF
− (kˆ · w
vF
)kˆ
)
, (S5)
such that for any vector A,
A · vk|vk|vk = vF (A · kˆ)kˆ + (A · kˆ)w + A · (w− (kˆ ·w)kˆ)kˆ. (S6)
Using the above, the zeroth order term,
j(0) = eτ4pi3~
ˆ
dÔ∂f
0
∂Ô
ˆ
dS [...] (S7)
[...] = vF e
[
(E · kˆ)kˆ
]
+ e
[
(E · kˆ)w + E · (w− (kˆ ·w)kˆ)kˆ
]
.
The first order term,
j(1) = eτ4pi3~
ˆ
dÔ∂f
0
∂Ô
ˆ
dS [...] . (S8)
[...] = e
2
~
[
vFB(E · kˆ)(Ωk · kˆ) + (E ·B) vF (Ωk · kˆ)kˆ− (Ωk ·B)
{
vF
[
(E · kˆ)kˆ
]}](0thin tilt)
(S9)
+ e
2
~
[
B
{
(E · kˆ)(Ωk ·w) +
(
E · (w− (kˆ ·w)kˆ)
)
(Ωk · kˆ)
}
+(E ·B)
{[
wΩk · kˆ + Ωk · (w− (kˆ ·w)kˆ)kˆ
]}
− (Ωk ·B)
{[
(E · kˆ)w + E · (w− (kˆ ·w)kˆ)kˆ
]}](1stin tilt)
3As one can immediately verify that 0th in tilt terms vanishes after the constant surface (spherical in shape) integration
and only 1st order in tilt terms survives. The second order term,
j(2) = eτ4pi3~
ˆ
dÔ∂f
0
∂Ô
ˆ
dS [...] (S10)
[...] = e2
[
(E ·B)BvF e(Ωk · kˆ)2 − eB(Ωk ·B)vF (E · kˆ)(Ωk · kˆ)
- (E ·B) e
{
(Ωk ·B)vF (Ωk · kˆ)kˆ
}
+ (Ωk ·B)2evF (E · kˆ)kˆ
](0thin tilt)
+ e2
[
e (E ·B)B
{
(Ωk · kˆ)2(kˆ ·w) + 2(Ωk · kˆ)Ωk · (w− (kˆ ·w)kˆ)
}
−Be(Ωk ·B)
{
(E · kˆ)(Ωk ·w) +
(
E · (w− (kˆ ·w)kˆ)
)
(Ωk · kˆ)
}
- (E ·B) e
{
(Ωk ·B)
[
(Ωk · kˆ)w + Ωk · (w− (kˆ ·w)kˆ)kˆ
]}
+(Ωk ·B)2
{
e
([
(E · kˆ)w + E · (w− (kˆ ·w)kˆ)kˆ
])}](1stin tilt)
(S11)
All the terms to the first order in tilt above vanishes after integration over the Fermi surfaces.Now the above result
is for single valley. To get the total effect of tilt we sum over two valleys with opposite chirality (χ = ±1 ) where
the Berry curvature is given by Ωk = χ
(
k2F /2k3
)
k. While doing so we consider two cases: a) the tilt changes sign
between the valleys with opposite chirality i.e. wχ = χw, (b) the sign of the tilt remains unchanged in the two valleys
wχ = w. Clearly, in all cases only the terms with even order in χ survives. Considering spherical Fermi surface i.e.
dSF = k2F sin2 θdθdφ and ∂f0/∂Ô = θ(Ô− ÔF ) we obtain following results,
for case (a):
j(0) = e
2vF τk
2
F
4pi3~
(
2× 4pi3 E
)
, (S12)
j(1) = 2× e
3τ
4pi3~
ˆ
dÔ∂f
0
∂Ô
[...] ,
[...] =
ˆ
dS[
B
{
(E · kˆ)(Ωk ·w) +
(
E · (w− (kˆ ·w)kˆ)
)
(Ωk · kˆ)
}
+(E ·B)
{
wΩk · kˆ + Ωk · (w− (kˆ ·w)kˆ)kˆ
}
− (Ωk ·B)
(
(E · kˆ)w + E · (w− (kˆ ·w)kˆ)kˆ
)]
= 2piB (E ·w) + 2pi (E ·B)w + 2pi15B [xˆ (3E · zˆwx + E×w · yˆ)− yˆ (E×w · xˆ) + zˆ (4E ·w + 3E · zˆwz)]
= 2pi15B [xˆ (18E · zˆwx + E×w · yˆ)− yˆ (E×w · xˆ) + zˆ (19E ·w + 18E · zˆwz)]
= 2pi15 [18 (E ·B)w + 19 (E ·w)B + xˆ (E×w · yˆ)B − yˆ (E×w · xˆ)B]
j(1) = σ0cb
4pi
15 [18 (E ·B)w + 19 (E ·w)B + xˆ (E×w · yˆ)B − yˆ (E×w · xˆ)B] ,
4j(2) = 2× eτ4pi3~
ˆ
dÔ∂f
0
∂Ô
ˆ
dS [...] , (S13)
[...] = e
2
~2
[
(E ·B)BvF e(Ωk · kˆ)2 − eB(Ωk ·B)vF (E · kˆ)(Ωk · kˆ)
- (E ·B) e
{
(Ωk ·B)vF (Ωk · kˆ)kˆ
}
+ (Ωk ·B)2evF (E · kˆ)kˆ
](0thin tilt)
= e3vF
pi
~2k2
[
1
3 (E ·B)B +
1
15E
]
(S14)
j(2) = 2piσ0c2b
[
1
3 (E ·B)B +
1
15E
]
, (S15)
similarly, for case (b):
j(0) = 2× 4pi3 E, (S16)
j(1) = 0, (S17)
j(2) = 2piσ0c2b
[
1
3 (E ·B)B +
1
15E
]
. (S18)
II. TYPE-I, NON-CHIRAL TILT:
Here we investigate the case (b) i.e. when the sign of the tilt does not alter between valleys with opposite chiralities.
We integrate Eqs. (6)-(8) (as given in the manuscript) numerically for different values of wx (wz = 0). The longitudinal
components of j(0), j(1), j(2) when the electric field direction is specified in the literature are given in Fig. S1(a)-(c),
and, the transverse currents when the electric field is parallel to magnetic field is plotted in Fig. S1(d). The variation
of longitudinal and Planar Hall (PH) components for the current density j(1) with θ i.e. the angle between E and B
are given in Fig. S2(a) (when we fix φ = pi/3 and |w| = 0.1) and the variation with the angle φ i.e. the angle between
tilt direction and x-axis are given in S2(b) (when we fix θ = pi/3 and |w| = 0.1).
III. TYPE-II, CHIRAL TILT
Similar to the type-I WSM (as described in the manuscript) the variation with the tilt parameter wx for type-II
WSM are given in the Fig. S3(a)-(d). The variation of longitudinal and PH components for the current density j(1)
with θ (i.e. the angle between E and B) are given in Fig. S4(a) (when we fix φ = pi/3 and |w| = 1.3) and with the
angle φ i.e. the angle between tilt direction and x-axis are given in S4(b) (when we fix θ = pi/3 and |w| = 1.3).
5(a) (b)
(c) (d)
FIG. S1: Plot of longitudinal components of current density for, (a) j(0), (b) j(1), (c) j(2) with respect to the
x-component of tilt wx (wz = 0) when electric field E along (xˆ+ zˆ) direction. (d) Plot of x and y components of j(1)
with respect to x-component of tilt wx when E||B||zˆ.
(a) (b)
FIG. S2: Plot of longitudinal (blue) and PH (red) components of j(1) with respect to (a) θ, the angle between the
electric and magnetic fields, and (b) with respect to the tilt direction φ.
6(a) (b)
(c) (d)
FIG. S3: For Type-II WSM: Plot of longitudinal component of current density, (a) for j(0), (b) j(1), (c) j(2) with
respect to the x-component of tilt wx (wz = 0) when electric field E along (xˆ+ zˆ) direction. (d): Plot of Planar Hall
component (along xˆ-direction) of current density j(1) with respect to wx when E||B||zˆ.
(a) (b)
FIG. S4: Plot of longitudinal (blue) and PH (red) components of j(1) with respect to (a) θ, the angle between the
electric and magnetic fields, and (b) with respect to the tilt direction φ.
